A formalism is developed for determining the possibility of operation of a gyrotron at both the fundamental, w = co a TEr o mode and at the second harmonic, w' = 2wo, in a TEm!pIo° mode.
Introduction
We consider the general problem of a gyrotron electron gun and resonator system which can be operated at both the fundamental w = wo, and second harmonic, w' = 2wc. The present formalism may be applied to several problems of importance in gyrotron research. The first area of application is in the problem of mode competition between modes operating at different harmonics.
This problem can be particularly important if a eyrotron designed to operate at w' = 2wc can also simultaneously support a parasitic mode operating at w = w. Such a parasitic mode might reduce cyrotron efficiency or even prevent 2wc operation. second area of application is in determining whether a gyrotron electron gun, constructed for an experiment at w = wo, might also be applied to operation at w' = 2w? using a different resonator.
Such a possibility would allow the application of existing electron guns and magnets to experiments at 2wo. This would further ayrotron research in general and might allow the achievement of higher frequencies in less time and at reduced cost.
The current status of gyrotron osicllator research is illustrated in Fig. 1 .
In this paper, a formalism is developed for describing the general features of gyrotron electron beams and resonators. The present approach is similar to that developed in a previous study of gyrotron design.-The adiabatic theory of the electron cun2 is combined with a generalized resonator theory for TEmpq modes. A. number of approximations are made to make the analysis reasonable.
In particular, the cavity cutoff condition is employed (k1 » k11 ) and, for simplicity, terms of order kI! vii « w are ignored.
Also, higher axial modes, q > 1, and cavity tapering effects are ignored. Inclusion of these effects in a more exact treatment might alter the numerical results somewhat, but would not alter the conclusions presented here.
The paper is organized as follows. The basic theory of gyrotron operation at we and. 2wc is first developed. Then the problem of conversion from gyrotron o_eration at co = we to operation at w' = 2wc (or vice versa) is solved. The equations for parasitic modes at we in 2wc operation of a gyrotron are developed as a special case of the formalism. All of the general results are then illustrated by various examples, including analysis of specific experiments as well as more general classes of experiments. Solutions are found . for parasitic modes in whispering gallery mode gyrotrons. The results and conclusions are summarized in the final section. 
Basic theory of wo, 2wc operation
The possibility of conversion of a gyrotron from wo to 2wc operation can be analyzed using the adiabatic theory of gyrotron el ectron auns2 combined with simple resonator theory. This method of analysis has been reviewed in greater detail elsewhere. - We assume that the gyrotron was initially designed for operation at frequency co in fundamental operation, w WC.
We then analyze the possibility of device operation at a frequency w°Ñ 2wC.
The operation at 2wc may be achieved either at the same value of magnetic field, Bo, as in we operation, or at a slightly detuned value of magnetic field, B. This generalized treatment allows us to solve several different problems in gyrotron research. 7e may analyze the possibility of conversion of a gyrotron from operation at wC to operation at 2wc (or vice versa), in which case Bo need not be equal to B.
Or we may analyze competition between modes oscillating at we and 2wC in the same resonator in which case Bo = B.
1. Introduction t7e consider the general problem of a gyrotron electron gun and resonator system which can be operated at both the fundamental co = co c , and second harmonic, co' = 2co c . The present formalism may be applied to several problems of importance in gyrotron research. The first area of application is in the problem of mode competition between modes operating at different harmonics. This problem can be particularly important if a gyrotron designed to operate at co f = 2co c can also simultaneously support a parasitic mode operating at 03 = co c . Such a parasitic mode might reduce gyrotron efficiency or even prevent 2co c operation. A second area of application is in determining whether a gyrotron electron gun, constructed for an experiment at co = co c , might also be applied to operation at co f = 2o) c using a different resonator. Such a possibility would allow the application of existing electron guns and magnets to experiments at 2coc . This would further ayrotron research in general and might allow the achievement of higher frequencies in less time and at reduced cost. The current status of gyrotron osicllator research is illustrated in Fig. 1 .
In this paper, a formalism is developed for describing the general features of gyrotron electron beams and resonators. The present approach is similar to that developed in a previous study of gyrotron design. 1 The adiabatic theory of the electron gun 2 is combined with a generalized resonator theory for TEmDg nodes. A number of approximations are made to make the analysis reasonable. In particular, the cavity cutoff condition is employed (k_L » k|| ) and, for simplicity, terms of order k ,, V|| « co are ignored. Also, higher axial modes, q > 1, and cavity tapering effects are ignored. Inclusion of these effects in a more exact treatment might alter the -numerical results somev.That r but would not alter the conclusions presented here.
The paper is organized as follows. The basic theory of gyrotron operation at co c and 2co c is first developed. Then the problem of conversion from gyrotron operation at co = co c to operation at co ' = 2co c (or vice versa) is solved. The equations for parasitic modes at co c in 2co c operation of a gyrotron are developed as a special case of the formalism. All of the general results are then illustrated by various examples, including analysis of specific experiments as well as more general classes of experiments. Solutions are found for parasitic modes in whispering gallery mode gyrotrons. The results and conclusions are summarized in the final section.
Basic theory of co c , 2o) c operation
The possibility of conversion of a gyrotron from co c to 2co c operation can be analyzed using the adiabatic theory of gyrotron electron guns 2 combined with simple resonator theory This method of analysis has been reviewed in greater detail elsewhere."
TiJe assume that the gyrotron was initially designed for operation at frequency co in fundamental operation, co % ooc . We then analyze the possibility of device operation at a frequency co' ~ 2coc . The operation at 2coc may be achieved either at the same value of magnetic field, B 0 , as in co c operation, or at a slightly detuned value of magnetic field, Bo . This generalized treatment allows us to solve several different problems in gyrotron research. ~7e may analyze the possibility of conversion of a gyrotron from operation at co c to operation at 2co c (or vice versa), in which case Bo need not be equal to Bo . Or we may analyze competition between modes oscillating at co c and 2coc in the same resonator in which case B0 = B 0 . Only one value (the plus or minus sign) will apply, depending on the choice of Re. For device operation at 2wc, we will assume that the operating magnetic field is Bo, which can be different from Bo.
For the special case Bo = Bo, we have a treatment of the mode competition problem. In general, we will require that Bo be close in value to B0. An electron gun designed for an w z wo device operating at Bo will only operate properly under the condition Be) , Bo.
The possible variation of Bo /BQ may be quantified as follows.
We assume that the magnetic field in the electron gun region is held constant and that the adiabatic theory may be used for the transition region between the gun and the resonator. Then the transverse velocity, vio, at the resonator for a field Be) is just:
Bo

The upper field limit, Bo (max), is then determined by the condition y2 > v'10 2 (8) where v2 is given by Eq. (2) . However, in the presence of a velocity spread 4vio,v2 must exceed the maximum value of vj not the average value.
Then,
In Eq. (9), the maximum value of 4vio/vj0 should be used, not the standard deviation value. Eq. (9) is merely the condition for preventing any part of the electron beam from being reflected by the mirror magnetic field in the resonator region. The minimum magnetic field, Bo (min), is only weakly limited by physical conditions, such as the increasing diameter of the electron beam with decreasing D. Perhaps the major limit on decreasing Bó is the overall efficiency, n. We have 
Thus, as Bó decreases, the transverse velocity v L0 decreases and the efficiency decreases, as shown in Eq. (11). The minimum. acceptable value of Bo is somewhat arbitrary and, for the present analysis, will be taken to be 0.85 Bo. The practical range of Bo values will become clearer in a following section, where examples will be treated.
Since we are using the adiabatic theory for the electron gun and have fixed the The device at is assumed to operate in the TEmpa mode at a magnetic field of B The electron beam, at a voltage U and current I, has a transverse to parallel velocity ratio of g. The ratio of magnetic field at the cavity (Bo ) and cathode Bk is a. The beam is situated at the s th radial maximum of the TEmpq mode, at a beam radius Re in a cavity of radius Ro .
The simple equations that describe this gyrotron configuration are;
These parameters are listed in Table 1 . The Doppler shift, kn VM « oo, has been omitted from Eq. (1) for simplicity.
In Eq. (5), the m±l signif res "a rotating mode when m 7^ 0. Only one value (the plus or minus sign) will apply , depending on the choice of R For device operation at 2ooc , we will assume that the operating magnetic field is Bo , which can be different from BQ .
For the special case BQ = we have a treatment of the mode competition problem.
In general, we will require that Bo be close in value to Bo . An electron gun designed for an GO % ooc device operating at Bo will only operate properly under the condition Bo « Bo . The possible variation of BO /BO may be quantified as follows. ?7e assume that the magnetic field in the electron gun region is held constant and that the adiabatic theory may be used for the transition region between the gun and the resonator. Then the transverse velocity, v_j_o , at the resonator for a field Bo is just:
The upper field limit, (max), is then determined by the condition
where v 2 is given by Eq. (2). However, in the presence of a velocity spread Avj_o ,v 2 must exceed the maximum value of vj not the average value. Then,
In EQ-(9) , the maximum value of AVJ_O/VJ_O should be used, not the standard deviation value. Eq. (9) is merely the condition for preventing any part of the electron beam from being reflected by the mirror magnetic field in the resonator region. The minimum magnetic field, B0 (min) , is only weakly limited by physical conditions, such as the increasing diameter of the electron beam with decreasing Bo . Perhaps the major limit on decreasing Bo is the overall efficiency, n . lie have el Bo (ID Thus 7 as B 0 decreases, the transverse velocity vj_o decreases and the efficiency decreases, as shown in Eq. (11) . The minimum, acceptable value of BQ is somewhat arbitrary and, for the present analysis, will be taken to be 0.85 Bo . The practical range of B0 values will become clearer in a following section, where examples will be treated.
Since we are using the adiabatic theory for the electron gun and have fixed the parameters at the cathode, then the electron beam parameters at the resonator are determined by B. where v is given by Eq. (2) since U is fixed.
The ratio g' = vi;/vll ò is thus determined. The radius of the electron beam at the resonator will be given by:
The resonator equations for 2wc operation are given by: 14) is determined by the cyclotron resonance condition, Eq. (15) by the cavity resonance condition for a cavity near cutoff, and Eq. (16) by the necessity for the beam radius to coincide with a maximum of the RF field derivative in 2wc operation. 
Solutions with beam location optimized
The analysis of the previous section may be applied to the problem of conversion of a gyrotron from operation at w = we to operation at w° = 2wc. '7e assume that a ayrotron was designed for operation at w = we in the TE,,,pg mode.
The problem to be solved is then to determine the appropriate conditions for operation of the gyrotron at w' = 2wc.
For this analysis we allow 2wc operation to be achieved at a somewhat different magnetic field, B. Also, we assume that, in general, a different cavity shape will be needed, with the new cavity radius denoted R. Given operation at w z w in the TEm c mode at the sth radial maximum and a field B0, Ea. (17) indicates that optimized 2wc operation can be achieved at field values Bó which yield a solution of Eq. (17). Having determined vm' ±2,s', the operating mode vm'p' is determined by Eqs. 
Solutions with beam location not optimized
In the previous section, we have considered solutions for 2wc operation in which the beam location was optimized for the 2wc mode. In some cases, it would be allowable for the beam to be somewhat misplaced radially.
This might be acceptable if a very large beam 20 / SP /E Vol 259 Millimeter Optics (1980) parameters at the cathode, then the electron beam parameters at the resonator are determined by B0 . The transverse velocity, Vj_' , is given by Eq. (7), while the parallel velocity is given by °2
where v is given by Eq. (2) since U is fixed.
The ratio g 1 = V_LO/V || o is tnus determined. The radius of the electron beam at the resonator will be criven bv;
The resonator equations for 2co c operation are given by;
Eq. (14) is determined by the cyclotron resonance condition, Eq. (15) by the cavity resonance condition for a cavity near cutoff, and Eq. (16) by the necessity for the beam radius to coincide with a maximum of the RF field derivative in 2co c operation.
Operation at 03 = 200^ A. Solutions with beam location optimized
The analysis of the previous section may be applied to the problem of conversion of a gyrotron from operation at co = co c to operation at 2cor lie assume that a avrotron was designed for operation at oo = co c in the TEnDq mode. The problem to be solved is then to determine the appropriate conditions for operation of the gyrotron at co' = 2co c . For this analysis we allow 2coc operation to be achieved, at a somewhat different magnetic field, BQ . Also, we assume that, in general, a different cavity shape will be needed, with the new cavity radius denoted R0 . Eqs. 
B. Solutions with beam location not optimized
In the previous section, we have considered solutions for 2oo c operation in which the beam location was optimized for the 2oo c mode. In some cases, it would be allowable for the beam to be somewhat misplaced radially. This might be acceptable if a very large beam power, hundreds of kilowatts to megawatts, is available so that optimum gain is not necessary for reasonable efficiency.
If Eq. (17) is not satisfied, the accuracy of beam positioning may be evaluated as follows.
Since Eç. (17) is no longer satisfied, we use
Then the reduction in the strength of the maser interaction is given by the ratio:
This ratio is unity if Eq. (17) is satisfied. 4 .
Parasitic modes at w' = 2wc
If a gyrotron is designed for operation at w = wc, it may be possible to simultaneously excite a parasitic mode in the same resonator at w' = 2wc. The conditions for either of these situations may be analyzed as a special case of the previous results. The case in which 2wc operation is parasitic may not be of wide interest, because the gain at 2wc is relatively low and the strength of the parasitic mode should be small. The case in which we operation is parasitic may be of great importance, however, in practice.
We assume that modes at w = c and w' = 2wc are simultaneously excited at the same magnetic field value and in the same cavity. Then we have:
From these equations, using Eqs. (15) and (16), we have vm,p, = 2vmp (18) vm,+2,s' = 2vm+l,s
These two equations must both be satisfied in order for modes at we and 2wc to both be excited under optimized conditions.
In general simultaneous solutions to Eqs. (18) and (19) are rare, especially if Wmo is not large. This is illustrated in later examples. However, for the whispering gallery modes, Eqs. (18) and (19) are easily satisfied, as illustrated in the next section.
The equations (18) and (19) do not require an exact solution for mode competition to occur.
The gain bandwidth of each mode is of order ß a /L, which amounts to 1 -5% in general.
Thus, Eq. (18) need only be satisfied to this áccuracv. Eq. (19), which determines how closely the beam position is to its optimum, also need not be satisfied exactly. A deviation of order 10% from equality may be acceptable in Eq. (19) .
The previous results are easily extended to operation at higher harmonics.
5.
Parasitic modes in whispering gallery mode gyrotrons operating at harmonics
The whispering gallery modes are defined as the modes of the form TEmll (m large). For a whispering gallery mode gyrotron,
= v,1.
Also, the condition that Then the reduction in the strength of the ir.aser interaction is given by the ratio:
This ratio is unity if EC. (17) is satisfied.
. Parasitic modes at oo ' = 2oo
If a gyrotron is designed for operation at GO = co c , it may be possible to simultaneously excite a parasitic mode in the same resonator at co' = 2oj c .
The conditions for either of these situations may be analyzed as a special case of the previous results. The case in which 2o) c operation is parasitic may not be of wide interest, because the gain at 2co c is relatively low and the strength of the parasitic mode should be small.
The case in which coc operation is parasitic may be of great importance, however, in practice.
We assume that modes at co = co c and oo' = 2co c are simultaneously excited at the same magnetic field value and in the same cavity. Then we have:
From these equations, using Eqs. (15) and (16), we have
These two equations must both be satisfied in order for modes at oo c and 2co c to both be excited under optimized conditions.
In general simultaneous solutions to Eqs. (18) and (19) are rare, especially if v is not large. This is illustrated in later examples. However, for the whispering gallery modes, Eqs. (18) and (19) are easily satisfied, as illustrated in the next section.
The equations (.18) and (19) do not require an exact solution for mode competition to occur. The gain bandwidth of each mode is of order 3ii A/L, which amounts to 1-5% in general. Thus, Eq. (18) need only be satisfied to this accuracy. Eq. (19), which determines how closely the beam position is to its optimum, also need not be satisfied exactly. A deviation of order 10% from equality may be acceptable in Eq. (19).
Parasitic modes in whispering gallery mode gyrotrons operating at harmonics
The whispering gallery modes are defined as the modes of the form TEn -Q (m large). vml > vm +1 s implies for these modes that m -1 must be selected and that s = 1. Then, for each mode vml operating at w = we there is a whispering gallery mode that is resonant for 2wc operation with m' = 2m + 1 These results indicate that parasitic modes operating at a different harmonic are a characteristic of whispering gallery mode gyrotrons. In the case of an experiment designed for w = we operation, the 2wc parasitic mode is likely to be weak because of its lower gain. Also, the cavity Q and output coupling might be made unfavorable for this mode.
In the case of an w = 2wc gyrotron, the parasitic mode at w = we could be quite important.
In that case, the parasitic mode TEmll at w = we for a TEm'll operating at w' = 2wc is given The mode with m' even, however, should be practical. These results may be extended to operation of a TEm'll mode at w' = nwc. In such a case, there is a competing mode TEmll at w = we if the value of m given by the following expression is an integer:
Parasitic modes in azimuthally symmetric mode gyrotrons
The specific results for whispering gallery mode gyrotrons are the consequence of the relationship Eq. (20) for those modes.
It is easy to show that there is not a similar result for azimuthally symmetric modes.
For those modes, with m = 0, there is a different expression for vmp, namely: vmp = vop :(p + g) (21) which is accurate to within 1% for p > 2. Fig. 3 illustrates TE021 and TE031 modes. For a mode with vop at w = we and yep at w' = 2wc, the condition vmlp, 2vmp would require 4p' = 8 p + 1.
This latter equation has no solution for integer values of p and p'. Hence for azimuthally symmetric modes, there is no possibility of mode competition from other symmetric modes operating at a different harmonic. However, competition from azimuthally asymmetric modes is still possible. Example:
a 140 GHz w = we Gyrotron Operating Between 240 -320 GEz at w' = 2wc
As an example, we consider the possible conversion of the M.I.T. 140 GHz gyrotron from we to 2wc operation.
The operating parameters of this gyrotron for w we are listed in Table 2 .
The range of useful values of magnetic field, Bo, for 2wc operation may be estimated as follows using Eq. (9). The value of v2/v1(23 for the electron gun is 1.44.
The expected value of Av10 /vj is about 0.05.
However, a conservative value of about 0.12 must be used to assure that there will be nearly zero electron reflection back into the electron gun.
Then Bo (max) is 6.5 T or Bp (ma )e)/B0 is 1.16.
Similarly, Bp (min) should not be much less than about 4.8 T in order to maintain high efficiency. The expected efficiency reduction for that case is at least 15 %, exclusive of any reduction in n1 that results from a reduced v1.
Hence, we assume an operating range: These results indicate that parasitic modes operating at a different harmonic are a characteristic of whispering gallery mode gyrotrons. In the case of an experiment designed for co = co c operation, the 2co c parasitic mode is likely to be weak because of its lower gain. Also, the cavity O and output coupling might be made unfavorable for this mode. In the case of an co = 2coc gyrotron, the parasitic mode at co = co c could be quite important. In that case, the parasitic mode TEm2_i at co = co c for a which is accurate to within 1% for p _> 2. Fig. 3 illustrates TEQ21 and TE 031 Ddes. For a mode with vO p at co = co c and \> Q^ at oo 1 = 2coc , the condition vm ipi * 2v mp would require 4p' = 8 p + 1. This latter equation has no solution for integer values of p and p'. Hence for azimuthally symmetric modes, there is no possibility of mode competition from other symmetric modes operating at a different harmonic. However, competition from azimuthally asymmetric modes is still possible.
7. Example; a 140 GHz co = con Gyrotron Operating Between 240 -320 GHz at co ! = 20V
As an example, we consider the possible conversion of the M.I.T. 140 GHz gyrotron from co c to 2co c operation. The operating parameters of this gyrotron for co ~ oo c are listed in Table 2 .
The range of useful values of magnetic field, Bo , for 2co c operation may be estimated as follows using Eq. (9). The value of v 2 /v_j_Q for the electron gun is 1.44. The expected value of AVJ^/VJ^Q is about 0.05. However, a conservative value of about 0.12 must be used to assure that there will be nearly zero electron reflection back into the electron gun. Then B^ (max) is 6.5 T or B^ (max!/B o is 1.16. Similarly, B^ (min) should not be much less than about 4.8 T in order to maintain high efficiency. The expected efficiency reduction for that case is at least 15%, exclusive of any reduction in n_[_ that results from a reduced v_j_. Hence, we assume an operating range: Table 3 . Of the m P m 2,s. , solutions shown in Table 3 , there is only one solution with azimuthal symmetry, m' = 0. This solution is discussed more fully in the next section.
8.
A gyrotron operating at 245 GHz, w' = 2wc
A.
Experimental parameters
In the previous section, solutions for 2wc gyrotron operation were obtained for the M.I.T. electron gun designed for 140 GHz operation at w = wc.
Such 2w operation may be of interest in order to test the possibility of achievincr high frequency, high efficiency output in second harmonic operation.
As was determined in the previous section, one solution for 2wc operation is a TEop°gt mode at a frequency near 245 GHz. The parameters for operation in that mode are analyzed in greater detail in the present section.
The mode to be analyzed in this section is the m' = 0 solution listed in Table 3 . This is the only azimuthally symmetric mode (TEm1p,q,, m' = 0) that was obtained in the analysis of the previous section. The oscillation frequency, w' /27 = 245 GHz, may be of practical interest because it is within an atmospheric window. For the m' = 0 solution, the minimum value of p', which is determined by the condition Re < R(!), is found to be p' = 3. However, the beam will be too close to the wall for that case since R' /RQ = 0.98. A more practical case is m' = 0 and p' = 5, a TE051 mode, with Ré /Ró = 0.61. This case is analyzed more fully in Table 2 .
The TE051 experiment analyzed in Table 2 appears to have practical significance.
The potential efficiency of the 245 GHz gyrotron may be analyzed using the theory of Nusinovich and Erm . The parameters for the calculation are an ohmic Q of 4.2 X 10" and a loaded Q of 8 X 103. All other needed parameters are listed in Table 2 . Then the overall efficiency, RF power divided by electron beam power in, is calculated to be 0.24. This efficiency is the final overall efficiency and includes all corrections for finite parallel velocity and ohmic losses in the resonator. This value of efficiency is about double the efficiency previously estimated for 2wc operation near 245 GHz using a beam with a voltage of 30 kV and a current of 1 A1,4'5. The reason for the improved efficiency in the present example is the fact that higher voltage and current (in effect, higher beam power) are employed in this gyrotron. In general, the gain of a gyrotron in 2wc operation is an increasing function of the product of beam current times beam voltage3. This explains the estimated enhanced efficiency of the 65 kV, 5 A gyrotron of Table 2 relative to a 30 kV, 1 A gyrotron. A 2wc experiment at 245 GHz in a TE051 mode using the M.I.T. electron gun could thus provide an important test of the predicted increase in efficiency of 2wc gyrotrons with electron beam current and voltage.
B.
Parasitic modes
For a gyrotron operating at w = 2w , we may also use the present theory to determine which parasitic modes at w = w may be excited.
The results for the TEfl51 2wc gyrotron of Table 2 are illustrated in Table 4 . There are three possible w = we modes whose frequencies are within a few percent of resonance at the field Bó (= 4.93 T) of this example. The deviation in frequency from resonance is given by the column 2v /v Of the three modes listed, only one mode, the TE321 mode, has good overlap with the electron beam position as indicated by the Bessel function ratio in the next to the last column of Table 4 .
It appears unlikely that the TE13Th or TE711 modes could be excited. Since the TE321 mode is 3% off resonance, it in fact is also unlikely to be excited.
However, if the magnetic field is detuned downward by about 3% the TE mode could have some effect. Using the restriction on the range of BQ/BO/ we have: 11.44 > vm '+2 s ' > 9 -83 Within this range, there are five solutions for vm » ± 2 s » as £istecT i'n Table 3 . For each solution, the magnetic field BQ, the emission frequency, oj T /2TT, ana tne beam radius, Re ,are uniquely determined. For each solution, there are two possible values of m 1 and an infinite number of solutions for p 1 , subject only to the condition v , ,> v i ±2s i The minimum p' value for the ra 1 --2 solution is also shown in Table 3 . Of the P ' " solutions shown in Table 3 , there is only one solution with azimuthal symmetry, m 1 = 0. This solution is discussed, more fully in the next section.
8. A gyrotron operating at 245 GHz, QJ ' = 2o) c
A. Experimental parameters
In the previous section, solutions for 2o)c gyrotron operation were obtained for the M.I.T. electron gun designed for 140 GHz operation at co = oo c . Such 2co c operation may be of interest in order to test the possibility of achieving high frequency, high efficiency output in second harmonic operation. As was determined in the previous section, one solution for 2a)c operation is a TEOpi a i mode at a frequency near 245 GHz. The parameters for operation in that mode are analyzed in greater detail in the present section.
The mode to be analyzed in this section is the m 1 = 0 solution listed in Table 3 . This is the only azimuthally symmetric mode (TEm ipiq?, m' = 0) that was obtained in the analysis of the previous section. The oscillation frequency, (jo'/27r = 245 GHz, may be of practical interest because it is within an atmospheric window. For the m 1 = 0 solution, the minimum value of p 1 , which is determined by the condition Re < Ro , is found to be p' =3. However, the beam will be too close to the wall for that case since Re/Rg =0.98. A more practical case is m 1 = 0 and p 1 = 5 r a TE Q 5i mode, with RG/RO = 0.61. This case is analyzed more fully in Table 2 .
The TEQn^ experiment analyzed in Table 2 appears to have practical significance. The potential efficiency of the 245 GHz gyrotron may be analyzed using the theory of Nusinovich and Erm . The parameters for the calculation are an ohmic Q of 4.2 x 10 4 and a loaded Q of 8 x 10 3 . All other needed parameters are listed in Table 2 . Then the overall efficiency, RF power divided by electron beam power in, is calculated to be 0.24. This efficiency is the final overall efficiency and includes all corrections for finite parallel velocity and ohmic losses in the resonator. This value of efficiency is about double the efficiency previously estimated for 2coc operation near 245 GHz using a beam_with a voltage of 30 kV and a current of 1 A1 ' 4 ' 5 . The reason for the improved efficiency in the present example is the fact that higher voltage and current (in effect, higher beam^ power) are employed in this gyrotron. In general, the gain of a gyrotron in 2ojc operation is an increasing function of the product of beam current times beam voltage . This explains the estimated enhanced efficiency of the 65 kV, 5 A gyrotron of Table 2 relative to a 30 kV, 1 A gyrotron. A 2o)c experiment at 245 GHz in a TE Q51 mode using the M.I.T. electron gun could thus provide an important test of the predicted increase in efficiency of 2(joc gyrotrons with electron beam current and voltage.
B. Parasitic modes
For a gyrotron operating at w = 2oo , we may also use the present theory to determine which parasitic modes at CD = GO may be excited.
The results for the TEq 51 2u)c gyrotron of Table 2 are illustrated in Table 4-t There are three possible co = OJ G modes whose frequencies are within a few percent of resonance at the field B^ (= 4.93 T) of this example. The deviation in frequency from resonance is given by the column 2vmD/vm ipi. Of the three modes listed, only one mode, the TE^i mode, has good overlap with the electron beam position as indicated by the Bessel function ratio in the next to the last column of Table 4 .
It appears unlikely that the TE-^-i or TE 711 modes could be excited. Since the TE ?? -, mode is 3% off resonance, it in fact is also unlikely to be excited. However, if the magnetic field is detuned downward by about 3% the TE 321 mode could have some effect. Competing modes at w° = 2wc Such solutions could possibly result in Parasitic oscillations at w' = 2wc, although this is probably unlikely. Parasitic oscillations at w' = 2w in an experiment designed for w = we operation should be weak because the gain at 2wc is much smaller that at wc.
The inverse situation, however, of parasitic oscillations at we in a 2wc experiment can be significant and were previously described in Section 8.
For completeness, the parasitic nodes at w' = 2wc for a 140 GHz gyrotron operating on a TE021, TE031 or TE511 mode are shorn in Table 5 . For these experiments, there are in fact a number of parasitic modes operating at w' = 2wc. The modes which are closest in frequency to the operating mode, as indicated by the ratio vL,,r /2vmp are shown in the table. In general, these modes are somewhat suppressed because the beam location, which is set for the w = we mode, is not optimized for the 2wc mode. The degree of spoìlinu of the 2wc mode by beam location is determined by the ratio of Bessel functions shown in the next to the last column.
In only one case in Table 5 , where the ratio is zero, is there a complete spoiling of the 2wc mode by beam location.
For the TE511 experiment, there is a parasitic 2wc mode, TE11 1 1, which is optimized both in frequency and beam location.
This result is an example bf'the general results for whispering gallery modes previously described in Section 5.
10.
Example:
2w,, operation of a TEOni, w = we gyrotron
The case to be considered here is conversion of a TEo 1 gyrotron from w = w to w = 2w operation. We assume that the electron beam is at the first radial maximum and that p = Ì or 2.
Then this case applies to various high power gvrotrons built in the U.S. for plasma heating applications.
The purpose of converting the gyrotrons for operation at w = 2wc would be to obtain high frequency operation at reduced cost and time, namely by utilizing the same electron gun and macnet system as in w = w operation.
Pe first seek solutions in which the beam location is optimized, as outlined in Section 3.
The condition to be satisfied is Eq. (17). For TEopl modes with the electron beam at the first radial maximum, v, ±l,s is v1ÿ = 1.041. The solution with the nearest Bó value is a TE221 mode operating at Bó /Bo = 1.083.
There are no other solutions with values of Bo /Bo near one.
The nearest TEo 11 mode solution is a TE021 mode with Bó /BO = 0.69. This is so low a value of Bó /Bo that the projected experiment would be of little interest.
Solutions with unoptimized beam location may be obtained for a variety of modes TEm,p,q, and magnetic fields B. Consider operation at a value of Bó /BO equal to 0.5x(110/60) or 0.917, appropriate for conversion of a 60 GHz gyrotron to 2wc operation at 110 GHz (or a 28 GHz gyrotron to 51 GHz operation, etc.).
In this example, specification of Bó /Bo yields the quantities w', RA and vm,p, /Ró. The mode numbers of the operating mode, (m'p'q'), are not completely determined in 'this case because the beam location is not optimized. Only the quantity vm,o, /Ró is specified.
(The mode numbers are more fully specified in the case where the beam location is optimized.)
However, as discussed in Section 3b, we can determine
(for the example of Table 6 with Bo /Bo = 0.9.17).
Since we must have Re < Ró, we have vra, , > 3.526.
e may now seek solutions of the form m' = 0. All values of v p' > 1, exceed 3.526, but we exclude the vol solution because the value of Ré /F.o (= 0.92F is close to unity and the beam is too close to the wall. Then results for TEoP'i modes, p' = 2,3 or 4 are given in Table 6 .
The present information is sufficient to compare the strength of interaction of the listed modes for the actual, unoptimized beam location relative to that for an optimized beam location.
This relative strength is determined by the ratio of Bessel functions listed in the last column. The value of 0.87 obtained is not greatly diminished from unity. Consequently, the fact that the beam is not in an optimized location would not be particularly disadvantageous for the case shown.
A complete analysis of this problem would recuire a number of additional considerations. For the 2wc experiments, we could. apply the present theory to determine if there are parasitic modes at w = w,.
Also, the efficiency and power dissipation in the walls for the experiments at w' = ZWc should also be determined.
11.
Conclusions
In this paper, we have derived a formalism for determining whether a gyrotron oscillating at w = we can be modified (including modification of the resonator) for oscillation at w' = 2wc. ''e find that 2wc operation must be restricted to a range of magnetic fields B' which is close to the field Bo at which we operation occurs.^ithin the allowed range of Bo values, a single equation (E c. 17) yields solutions for optimized operation at 2wc.
24 / SP /E Vol. 259 Millimeter Optics (1980) 9. Competing modes at co' = 2oo c Table 3 also indicates that there are solutions for 2coc operation at magnetic fields BQ within 5% of B Q . Such solutions could possibly result in parasitic oscillations at co 1 = 2co c , although this is probably unlikely. Parasitic oscillations at co' = 2co c in an experiment designed for co = co c operation should be weak because the gain at 2oo c is much smaller that at co c . The inverse situation, however, of parasitic oscillations at co c in a 2co c experiment can be significant and were previously described in Section 8.
For completeness, the parasitic modes at co' = 2co c for a 140 GHz gyrotron operating on a TE 021' TE 031 or TE 511 mo<^e are shown in Table 5 . For these experiments, there are in fact a number of parasitic modes operating at co' = 2co c . The modes which are closest in frequency to the operating mode, as indicated by the ratio vn'p l /2vnp are shown in the table. In general, these modes are somewhat suppressed because the beam location, which is set for the co = co c mode, is not optimized for the 2co c mode. The degree of spoiling of the 2co c mode by beam location is determined by the ratio of Bessel functions shown in the next to the last column. In only one case in Table 5 , where the ratio is zero, is there a complete spoiling of the 2oo c mode by beam location.
For the TE5]_]_ experiment, there is a parasitic 2co c mode, TE-j^ j_ j_, which is optimized both in frequency and beam location. This result is an example 6r the general results for whispering gallery modes previously described in Section 5.
10. Example: 2^^ operation of a TE^pf , co = co c gyrotron The case to be considered here is conversion of a TE Q -j_ gyrotron from co = co to co = 2co operation. Vie assume that the electron beam is at the first radial maximum ana that p = I or 2. Then this case applies to various high power gyrotrons built in the U.S. for plasma heating applications. The purpose of converting the gyrotrons for operation at co = 200^ would be to obtain high frequency operation at reduced cost and time, namely by utilizing the same electron gun and magnet system as in co = co c operation.
T Je first seek solutions in which the beam location is optimized, as outlined in Section 3. The condition to be satisfied is Eq. (The mode numbers are more fully specified in the case "where the"beam location is optimized.) However, as discussed in Section 3b, we can determine (for the example of Table 6 with B'/B0 = 0.917). Since we must have Re < Ro , we have vm . p . > 3.526.
fje may now seek solutions of the form m 1 = 0. All values of v Qp ' / p 1 ^ 1, exceed 3.526, but we exclude the v ol solution because the value of RG/HQ (= 0.92} is close to unity and the beam is too close to the wall. Then results for TE op 1 1 modes, p' = 2,3 or 4 are given in Table 6 . The present information is sufficient to compare the strength of interaction of the listed modes for the actual, unoptimized beam location relative to that for an optimized beam location. This relative strength is determined by the ratio of Bessel functions listed in the last column. The value of 0.87 obtained is not greatly diminished from unity. Consequently, the fact that the beam is not in an optimized location would not be particularly disadvantageous for the case shown.
A complete analysis of this problem would reauire a number of additional considerations. For the 2oj c experiments, we could apply the present theory to determine if there are parasitic modes at co = co . Also, the efficiency and power dissipation in the walls for the experiments at GO ' = 2co should also be determined.
In this paper, we have derived a formalism for determining whether a gyrotron oscillating at co = co c can be modified (including modification of the resonator) for oscillation at oo 1 = 2co c . lie find that 2co c operation must be restricted to a range of magnetic fields BQ which is close to the field BQ at which co c operation occurs. ;7 ithin the allowed, range of BQ values, a single equation (Eq. 17) yields solutions for optimized operation at 2u3 c . mode, m large) and if the electron beam is at a higher radial maximum (s > 1), they 'can be many solutions for 2wc operation. An example of this is the M.I.T. 140 GHz gyrotron which can operate at 2wc on 5 modes in the range 245 -317 GHz. On the other hand, if m = 0 and the electron beam is at the first radial maximum (s = 1), there is only one solution for optimized 2wc operation, namely a TE211 mode at w' = 2.17 w. However, even for this case (m = 0, s = 1), if the beam is not required to be at the optimum radial location, oscillation can be achieved in a wide range of w' 2wc values on TE0p1 modes p > 2. The strength of the coupling between the RF field and the electron beam is onl "" diminished by a small amount (10 to 30 %) with respect to its value when the beam location is optimized.
The present formalism is also applied to evaluation of the possibility of parasitic oscillation at w = c in a gyrotron designed to operate at w' = 2wc (or vice versa). This possibility may be evaluated as a special case of the formalism developed for determining whether a gyrotron can be modified for harmonic operation. The conditions for such parasitic modes are reduced to two simple equations, Egs. (18) and (19), determining the frequency and beam location of the parasitic mode. In general, for a mode at w' = 2w, the higher the mode number (m'p') and the higher the radial maximum (s °), the more likely is the possibility of a parasitic mode at w = w . In an example of a TE051 mode with s' = 3, there is only one strong parasitic w = we mode, a TE321 mode, which is detuned by about 2.7% in frequency.
Such a mode micht, however, prove troublesome in an actual experiment For the whispering gallery modes, TEm11, it is found that parasitic modes are a potential serious problem in harmonic operation.
_T_n General, for TE, ,ll mode operating w' = 2wc, there is a competing mode TEmll at w = wc, with rm = 0.5 (s.' -. 1), if m' is an odd integer. Eq. (17) indicates that, if the co c operation is in a higher order mode (TE node, m large) and if the electron beam is at a higher radial maximum (s > 1), there can be many solutions for 2co c operation. An example of this is the M.I.T. 140 GHz gyrotron which can operate at 2co c on 5 modes in the range 245-317 GHz. On the other hand, if m = 0 and the electron beam is at the first radial maximum (s = 1), there is only one solution for optimized 2o)c operation, namely a TE2H mode at a)' = 2.17 03. However, even for this case (m = 0, s = 1) , if the beam is not required to be at the optimum radial location, oscillation can be achieved in a wide range of a)' % 2coc values on TE QD j modes p >_ 2.
The strength of the coupling between the RF field and the electron beam is bnl^ diminished by a small amount (10 to 30%) with respect to its value when the beam location is optimized.
The present formalism is also applied to evaluation of the possibility of parasitic oscillation at GO = oo c in a gyrotron designed to operate at co' = 2co c (or vice versa). This possibility may be evaluated, as a special case of the formalism developed for determining whether a gyrotron can be modified for harmonic operation. The conditions for such parasitic modes are reduced to two simple equations, Eqs. (.18) and (19), determining the frequency and beam location of the parasitic mode.
In general, for a mode at co' = 2oo the higher the mode number (m'p 1 ) and the higher the radial maximum (s'), the more likely is the possibility of a parasitic mode at co = GO .
In an example of a TE05]_ mode with s 1 =3, there is only one strong parasitic co = co c mode, a TE-^i rcode, which is detuned by about 2.7% in frequency.
Such a mode might, however, prove troublesome in an actual experiment For the whispering gallery modes, TEIJlll/ it is found that parasitic modes are a potential serious problem in harmonic operation.
In general, for TEm »j_]_ mode operating oo' = 2co c , there is a competing mode TEm^]_ at co = co c , with m = C. 5 (rr. 1 -1)", if m 1 is an odd integer. 
RADIUS
140 GHz RESONATO R EXPERIME NTS Figure 3 Azimuthal ly symmetric modes. Scale is appropria te for a 140 GHz experimen t, GO = coc . The electron beam is at the second radial maximum.
